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ABSTRACT
In a paper by Tran and Southward [1], a virtual sensing

method for tonal active noise and vibration control systems is
proposed. The aim of the proposed method is to obtain accu-
rate estimates of the virtual outputs of the dynamic system under
consideration. For this purpose, a hybrid adaptive feedforward
observer is designed based on an observable state-space repre-
sentation of the dynamic system. In this paper, it is shown that
if the number of physical sensors used in the proposed method is
less than the state-space system order, the observer can converge
to infinitely many solutions for which the state reconstruction er-
rors are not equal to zero. Since accurate state estimates are
required to obtain accurate estimates of the virtual sensor out-
puts, the suggested hybrid adaptive feedforward observer is only
suitable for rejecting non-stationary disturbances at the physical
sensor outputs, and not for virtual sensing purposes.

INTRODUCTION
In a paper by Tran and Southward [1], a virtual sensing

method for tonal active noise and vibration control systems is
proposed. The proposed method uses a hybrid adaptive feedfor-
ward observer that is designed using an observable state-space
representation of the dynamic system under consideration. This
observer aims to provide accurate estimates of the true states of
the dynamic system, such that accurate estimates of the virtual
outputs can be obtained by direct mapping from the observer
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states. In this paper, it is shown that if the number of physi-
cal sensors used in the observer is smaller than the state-space
system order, which is almost always the case, it is not always
guaranteed that the state reconstruction errors are equal to zero
after convergence of the hybrid adaptive feedforward observer.
This means that the proposed method is not suitable for virtual
sensing purposes.

PROPOSED METHOD
In this section, the virtual sensing method proposed by Tran

and Southward is introduced. For a more detailed description,
one is referred to the original paper [1]. A block diagram of the
problem under consideration is shown in Fig. 1. A state-space
system description of the plant in this figure is given by

ẋ = Ax + Bu + w
yp = Cpx + Dpu
yv = Cvx + Dvu ,

(1)

with x theN states of the system,N the system order,yp the out-
puts at theM physical sensors,yv the outputs at theMv virtual
sensors,u the L control inputs, andw a vector of lengthN that
contains the unknown external disturbances. It is assumed that no
a priori knowledge is available of how the external disturbances
w affect the states of the plant [1]. However, as indicated in Fig. 1
by the dashed line, a feedforward reference signal which is cor-
related to the external disturbancesw is assumed to be available.
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Figure 1. Block diagram of the hybrid adaptive feedforward observer [1].

First, by initially assuming that there is no external disturbance
input such thatw = 0 in Eq. (1), a conventional observer is de-
signed [2]. Next, the conventional observer is augmented with an
adaptive feedforward component that aims to provide estimates
ŵ of the external disturbancesw in Eq. (1). A state-space de-
scription of the complete hybrid adaptive feedforward observer
is given by [1]

˙̂x = Ax̂ + Bu + Fεεεp + ŵ
ŷp = Cpx̂ + Dpu
ŷv = Cvx̂ + Dvu

, (2)

whereεεεp = yp− ŷp is a vector of lengthM that contains the
physical sensor output errors. The aim of the observer in Eq. (2)
is to obtain accurate estimatesx̂ of the true plant states. These
estimates, together with the known control inputsu, are then used
to obtain an estimatêyv of the virtual sensor output. In order to
obtain accurate estimates of the virtual outputsyv, such that the
virtual sensor output errorsεεεv = yv− ŷv are small, the observer
needs to provide accurate estimates of the true statesx of the
plant. If the state reconstruction error is defined to beρρρ = x− x̂,
the estimator error equation can be written as [1]

ρ̇ρρ = [A−FCp]ρρρ + w− ŵ
εεεp = Cpρρρ . (3)

Eq. (3) shows that the state reconstruction errorρρρ can be reduced
to zero if ŵ approachesw [1]. It is then suggested by Tran and
Southward that this objective can be achieved by minimizing the
physical sensor output errorsεεεp using an LMS-based adaptive
algorithm that minimizes the cost function [1]

J =
1
2

εεεT
pεεεp. (4)

Although the suggested adaptive observer indeed minimizes this
cost function to zero such thatεεεp = 0, it is proven in the next sec-
tion that it will not always reduce the state reconstruction error
ρρρ to zero as suggested by Tran and Southward. The numerical
results presented by Tran and Southward in Figs. 6 and 7 already
illustrate this [1]. The results depicted in Fig. 6 of their paper
indicate that the physical sensor output errors have indeed been
minimized such thatεεεp = 0 after convergence of the adaptive al-
gorithm. If the observer would work as suggested, the virtual
sensor output errors would be minimized toεεεv = 0 as well, since
the state reconstruction errors would then beρρρ = 0 (according to
Tran and Southward). Comparing Figs. 6 and 7 in their paper,
it can be seen that this is clearly not the case because the vir-
tual sensor output errorsεεεv have not converged to zero in Fig. 7.
This indicates that, although the physical sensor output errorsεεεp

are indeed minimized to zero, accurate estimatesx̂ of the plant
states are not obtained, and the state reconstruction errorsρρρ are
not equal to zero after convergence of the adaptive algorithm. In
the next section, it is shown that the adaptive algorithm can con-
verge to infinitely many solutionŝw that drive the cost function
in Eq. (4) to zero, but that do not necessarily set the state recon-
struction error equal to the desired solutionρρρ = 0.

PROOF
By substitutingεεεp = Cpρρρ into the cost functionJ in Eq. (4),

this cost function can also be written as

J =
1
2

ρρρTCT
pCpρρρ. (5)

The LMS-based algorithm adjusts the estimate ofŵ such that
this cost function is minimized. In the case that the number of
physical sensorsM is less than the number of statesN, which is
almost always the case, the matrixCp will have rank≤M. Due to
the rank-nullity theorem [3], the matrixCp will therefore have a
nullspaceN (Cp) of dimension≥N−M. Thus, the non-negative
cost function in Eq. (5) is minimized for anyρρρ ∈ N (Cp). An
equivalent observation is that the matrixCT

pCp in Eq. (5) will
be positive semi-definite ifM < N, but not positive definite as
required to ensure thatρρρ converges to zero. It follows that the
LMS-based algorithm will only ensureρρρ converges to the sub-
spaceN (Cp), and not to the desired valueρρρ = 0 as suggested by
Tran and Southward [1].

It is now shown that onceρρρ has converged toN (Cp), the
structure of the hybrid observer will allow it to stay there. Sup-
pose that a basisS for N (Cp) is given by [3]

S= {v1,v2, . . . ,vn}, (6)

with n = nullity(Cp). The values ofρρρ ∈ N (Cp) that minimize

2 Copyright c© by ASME



the cost function in Eq. (5) can now be written as

ρρρ = α1v1 +α2v2 + . . .+αnvn

= Vααα,
(7)

where the columns of theN× n matrix V consist of the basis
vectorsvi defined in Eq. (6), and whereααα is a column vector
of lengthn with arbitrary real-valued elementsαi . Substituting
Eq. (7) into the estimator error equation defined in Eq. (3) gives

ρ̇ρρ = AVααα+w− ŵ
εεεp = 0

, (8)

sinceCpVααα = 0 asVααα defines any arbitrary vector inN (Cp).
Forρρρ to stay inN (Cp), such that the cost function in Eq. (4) has
been minimized withεεεp = 0, it can be easily shown that the time-
derivativeρ̇ρρ of the state reconstruction error must be inN (Cp) as
well. This means thaṫρρρ can be expressed as a linear combination
of the vectorsvi defined in Eq. (6) as

ρ̇ρρ = α1v1 +β2v2 + . . .+βnvn

= Vβββ.
(9)

with βββ a column vector of lengthn with arbitrary real-valued
elementsβi . Substituting Eq. (9) into Eq. (8) gives

Vβββ = AVααα+w− ŵ
εεεp = 0

, (10)

Eq. (10) shows that, once the adaptive algorithm reaches a solu-
tion such that̂w is given by

ŵ = w+AVααα−Vβββ, (11)

the cost function in Eq. (5) has been minimized as bothρρρ ∈
N (Cp) andρ̇ρρ ∈ N (Cp), which means that the state reconstruc-
tion error stays equal toεεεp = 0. As the elements ofα andβ can
be set to any arbitrary real value in Eq. (11), the adaptive algo-
rithm can converge to infinitely many solutionsŵ that are not
equal tow. Once the adaptive algorithm has converged to one of
these solutions, the state reconstruction errorρρρ enters and stays
in N (Cp). In other words, the adaptive algorithm can converge
to infinitely many solutionsŵ that minimize the cost function
in Eq. (4), but that do not necessarily set the state reconstruc-
tion error equal to the desired solutionρρρ = 0. In order to verify
this, numerical simulations of the method proposed by Tran and
Southward were performed for an acoustic duct. An analysis of

these simulations indicated that the obtained numerical results
were similar to the ones presented by Tran and Southward [1].
Moreover, it was found that the state reconstruction error indeed
converged intoN (Cp), and not to zero as suggested by Tran and
Southward.

In conclusion, if the number of physical sensorsM is less
than the system orderN, the method suggested by Tran and
Southward indeed minimizes the physical sensor output errors
such thatεεεp = 0 after convergence, but it does not guarantee
that the state reconstruction errors converge to the desired val-
uesρρρ = 0. Since accurate state estimates are required to obtain
accurate estimates of the virtual sensor outputsyv, the suggested
hybrid adaptive feedforward observer is only suitable for reject-
ing non-stationary disturbances at the physical sensor outputs,
and not for virtual sensing purposes.

CONCLUSIONS
In this paper, the virtual sensing method proposed by Tran

and Southward was analysed [1]. It was shown that if the num-
ber of physical sensors used in the algorithm is smaller than the
state-space system order, the proposed hybrid adaptive feedfor-
ward observer does minimize the physical sensor output errors
such that the physical output errors are equal to zero after con-
vergence, but it does not guarantee that the state reconstruction
errors converge to zero as well. Since accurate state estimates
are required to obtain accurate estimates of the virtual sensor
outputs, the proposed method is only suitable for rejecting non-
stationary disturbances at the physical sensor outputs, and not for
virtual sensing purposes.
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